
On the critical exponent nu for c-animals

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1992 J. Phys. A: Math. Gen. 25 L1187

(http://iopscience.iop.org/0305-4470/25/19/010)

Download details:

IP Address: 171.66.16.58

The article was downloaded on 01/06/2010 at 17:05

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/19
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1. Phys. A: Math. Gen. U (1992) L1187-LI190. Rimed in the UK 

LF#"ER TO THE EDlTOR 

On the critical exponent v for c-animals 

Dongming Zhao, Yanan W u  and Turab Lookman 
Department of . Applied Mathematics. University of Westem Ontario. London, 
Ontario, Canada N6G 5B7 

Received 28 May 1592 

Lattice animals have been studied as models of branched polymers with excluded 
volume constraints. Of particular interest has been the influence of cycles on the 
properties of lattice animals. In particular, previous work (Lubensky and Isaacson 
1979, Family 1980, Lam 1987) has indicated that the critical exponent Y is independent 
of cycle fugacity or cyclomatic index c. In this letter, we prove that for lattice bond 
e-animals, U, = U,,, where U, is the exponent for lattice bond trees. 

A lattice bond c-animal is a connected subgraph on a regular d-dimensional lattice 
with cyclomatic index c. The cyclomatic index is the number of independent cycles, 
or the maximum number of edges which can be removed without disconnecting the 
animal. When c=O, the animal is called a tree. Denoting by a.(c), the number of 
bond c-animals with n vertices, Whittington et a/ (1983) have shown that, for at1 
fixed c, 

1 1 
lim - In a.( e) = lim -In 1. = In A. 
0-m n n+m n 

where 1. is the number of bond trees with n vertices. Moreover, the expected asymptotic 
form for a.(x) is 

a.(c)-n-'=A,D (2) 
where 8, = Bo-c (Soteros and Whittington 1988). 

c-animals defined by 
The quantity we focus on is the mean-square radius of gyration of lattice bond 

(3)  

where a.(c, r,) is the number of n-vertex lattice c-animals with the ith vertex at a 
distance r, from the centre-of-mass and for fixed i, Z,, a.(c, r,) = a.( e), the total number 
of c-animals with n vertices. In the limit n -f 00, one expects that 

) -' ( R ; ) =  Z rfa.(c, Ti) n Z ade, ri) 
V# ( '8 

(R;) -n2+.  (4) 

U. = U, (5  ) 
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We show that for any fixed c 
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if either of them exists. The result is obtained by using a pattern theorem for lattice 
animals due to Madras (1988). We first briefly describe the theorem and obtain a 
corollary. 

Let L be the simple hypercubic lattice in Rd. We denote by Tn the set of bond 
trees with n vertices. P = (PI, P2) is defined as a proper pattem for To if P, and P2 are 
disjoint finite subsets of L (vertices and/or bonds) such that for all sufEciently large 
n, there exists a tree Tin  5" which contains all of PI and none of P2. Madras (1988) 
has proved the following theorem: 

nteorem. Let t.(e, s )  be the number of n-vertex bond trees in which a proper pattern 
P occurs at most en times. Then 
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for some ea> 0. 

A corollary from the theorem is as follows. 

Coroflary. Let P be a proper pattem. There exists a positive number ea such that if 
t.(ea, >) is the number of n-vertex bond trees in which the pattern P occurs more 
than son times, then 

Fkmf: Let P be a proper pattern for bond trees. From the theorem, there exist 
8 > 0  and an integer N ( S )  such that for any n > N ( 6 ) ,  we have 

0, 

Letting n ..* m yields 

which gives (7). 

By using the pattem theorem and its corollary, we prove ( 5 )  as follows. 
It has been shown by Whittington et a1 (1983) that by deleting an edge from a 

cycle of a c-animal, one converts the c-animals into a (c- I)-animal and the resulting 
(c - 1)-animal can have at most 2 dn c-animals as its precursors. In this procedure the 
position of all n vertices of the e-animal on the lattice is unchanged. Therefore, denoting 
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by tn(rJ,  the number of n-vertex trees in which the ith vertex is a distance r. from the 
centre-of-mass, we obtain 

a.(c,r,)"(Zdn)a.(c-l, r i )  . (12) 

a.(c, r i ) s ( 2  drz)'tn(rj) (13) 

or 

and therefore, for fixed i, 

Ia"(c,rl)"(2dn)'Ir"(r~).  (14) 
'3 

Lct PI be 3 and PI the complement of P, in U. the elementary square. From 
Whittington and Soteros (1990), P = ( P I ,  P2) is a proper pattern for bond trees. At 
such a pattern, by adding the complement edge to P, , we convert it into a cycle, 0. 
Therefore, if an n-vertex bond tree contains more than en pattems P for E > 0, there 
are (7) ways to choose c of them with E n  3 c By converting each of the c chosen 
pattems into a cycle, we convert the tree into a c-animal. In this procedure, the position 
of the ith vertex on the lattice is unchanged. Denoting by f n ( q  >, r j )  the number of 
n-vertex trees in which the pattern P occurs more than en times for E > 0, we obtain 

and for fixed i 

From (3), (13)-(16), we have 

and 
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Hence, for any E s and n sufficiently large, we have 

which implies that v, = U,. 

We thank Neal Madras for his unpublished notes on the pattern theorem. DZ and 
YW are grateful to the University of Western Ontario for financial support. This work 
is partially supported by NSERC of  Canada. 
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